Let V be a finite-dimensional module for the finite-dimensional Lie algebra L over a field of characteristic zero. If Vx = {v G V\ all x G L, [x -X(x)]lv = 0 for some i} is nonzero, then A € L* and is a character of L. Moreover, the corresponding eigenspace {_ € V| all x € L, xv = \(x)v} is nonzero and Vx is an L submodule of V.
It is clear that V\ is a submodule of V and that if Va / 0, then A must be linear and in fact a character of L (i.e., a homomorphism from L to fc; equivalently, A is linear and A ([_-,_-]) = 0). In [5, Theorem 42] it was asserted that, if fc has characteristic zero, then Va / 0 implies A is linear. However, the proof tacitly assumed L solvable. In [7] , the further questions were raised: if Va is nonzero, must A be a character, and must V\ be nonzero? One may also ask whether Va must be a submodule. These questions appear to have been answered completely only for L nilpotent [4, §11.4] . In this note we answer all three questions affirmatively for arbitrary L when fc is of characteristic zero. PROOF. Note that unless A is known to be linear, there is no natural way to preserve the hypothesis under extension of scalars (A might not extend!).
(a) We will use the fact that a semisimple Lie algebra of endomorphisms on a finite-dimensional vector space is spanned by its semisimple elements. One way to see this is to note first that it is true for the standard two-dimensional representation of the split three-dimensional algebra, since if e and / correspond to [?«] and [J q], then e + /, e + 4/, and [e,/] act semisimply and span the algebra. Since every irreducible representation of this algebra occurs in the symmetric algebra of this representation, hence has the desired property, the assertion now follows from 
